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Abstract 
Brand, N. and S. Sutinuntopas, One-factors and the existence of affine designs, Discrete 
Mathematics 120 (1993) 25-35. 
Kiihler (1982) defines a graph G, for p a prime which he relates to affine designs. He shows that if the 
graph has a l-factor then there exists an affine 3-(p, 4, %) design with 1, satisfying the usual necessary 
conditions. Here we generalize Kiihler’s results to include finite fields. 
1. Introduction 
Let A={a1,a2,a3,... ,a,} and Q(A) be the vector space over the field of rational 
numbers Q with basis A. For any pi, b2, b3, . . . , pn E Q, the vector 
M= ~ BiUi 
i=l 
in Q(A) is called a multiset over A, and pi is the multiplicity of Ui in M. If each Ui has 
the same multiplicity 2 in M, we may write M = ,%A. Let V be a v-set and Y be any 
positive integer less than u. We denote the collection of all r-subsets of V by (I’, r). 
Definition 1.1. The multiset g =Cr= 1 fi<Bi over the set (V, k) is a t-(u, k, 2) design if 
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where 
pr= Bi if TGBi, 
0 otherwise. 
Each Bi E g is called a block. 
Let G be a group which acts on the v-set V. A design .B with G < Aut &? is called 
a G-design. If G is cyclic, V= G, and the action of G is given by translation then the 
design 99 is called cyclic. 
Let F be a finite field and v = 1 F 1. A design admitting the affine group 
{xt+ax+b~a#O; a,b~F} 
as design automorphisms is called an affine design. In [a], it is shown that a necessary 
condition for the existence of a t-(u, k, A) design is that A be a multiple of 
& = 1 cm (‘I:) 
gcd((Ki’), (::ii)} 
1 i=O, 1, . . . . I}. 
In this paper, we consider designs with V=GF(p”), the Galois field with pm 
elements, and k = 4, t = 3. Hanani [S] shows that for k = 4, t = 3, and every J. which is 
a multiple of &, a design exists. 
Here we investigate the existence of 3-(v, 4, &) affine designs. In [3] the following 
notation is used. Let P,= (1,2, . . . . n}, G be an abelian group and let 
E,= {e,: P, x P,+G), 
where e, satisfies the following conditions: 
(1) e,(i, j)=O if and only if i=j, 
(2) e,(i, j) = - e,( j, i), and 
(3) e,(i,j) + e,(j, A) = e,(i, h) 
for any i, j, keP,. An e,E E, is called an n-difference set over G. Note that the above 
three conditions imply 
e,(il,iz)+e,(i,,i,)+...+e,(i,-,,i,)+e,(i,,i,)=O, 
for any il, il, . . . , i,EP,. 
We consider two difference sets e, and ei to be equal if there exists a TCES,,, the 
symmetric group of order n, such that 
e&j)=eMi),n(j)). 
Sometimes we will say e, and e: are the same up to relabeling to emphasize the fact 
that relabeling is allowed. 
We can view an n-difference set e, as an (n- 1)-simplex with the vertices labeled by 
elements of P,*, and e,(i, j) as the label of the directed edge from vertex i to vertex j. 
Observe that if we take any cycle in an (n - 1)-simplex associated with e,, the sum of all 
edge labels of the cycle is zero. 
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According to this definition of a difference set, it is obvious that each e, is 
determined by the set 
{e,(l,i) 1 iEP,, i# 1). 
Therefore, for convenience, we may denote a difference set e, by the (n- 1)-tuple 
(41,2),41,3), . . ..e.(l, 4). 
Let t<k, e,EEt, and ekgE,. We define the set z(e,,e,) to be 
{cI: P,+PI, 1 e,(i,j) = eJU(i), LX(~)) for all i, jEP,}. 
We may think of an a as a way of fitting the (t-1)-simplex into a face of the 
(k - 1)-simplex with the edge labels preserved. The proof of the following theorem can 
be found in [3]. 
Theorem 1.2. A t-(v, k,L) G-design (G 
exists a multiset 9 over Ek such that 
acting as translation) exists if and only if there 
The multiset 9 is called the difference family generating the design ~23. 
In [lo], Kohler considers affine designs with v a prime. We extend his definitions to 
finite fields using the above notation. Let gEGF(p”)* and e,EE,,. We define the 
product of g and e, to be the function 
ge,:P, x P,+GF(p”) 
defined by 
se&j) =s(e&i)) 
for all i,jeP,. 
It is clear that if e,EE, and gEGF(p”)*, then ge,EE,. 
With this multiplication, two n-difference sets are equivalent if one is g times the 
other for some g#O. The set of all n-difference sets E, is, therefore, partitioned into 
equivalence classes. We denote the class containing e, by 
<e,> = {se, I dWf”)* > 
and let 
Since GF(pm)* is a multiplicative cyclic group, a primitive root exists. Let 5 be such 
a primitive root. We rewrite 
(e,)=(<‘e,Ii=0,1,2 ,..., pm-l}. 
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The proof of the following theorem follows Kohler’s proof [lo] for the case 
v a prime. 
Thoerem 1.3. An affine t-(u, k, 2) design exists if and only ifthere exists a multiset 9 over 
the set Ek such that 
1 (ekY=J<4). 
QE9 
Definition 1.4. An n-difference set e,E E, is said to be symmetric if -e, is the same as e, 
up to relabeling. 
Let SE, denote the set of all symmetric n-difference sets and let 
s*E, = E, -SE, 
be the set of all nonsymmetric n-difference sets. 
2. Affine designs and l-factors 
The purpose of this section is to prove Theorems 2.11-2.14. The proofs parallel 
Kohler’s proof in [lo], the main difference being that here we use the definitions given 
above which allow us to prove the results for arbitrary finite fields rather than for 
prime-order fields. 
Lemma 2.1. A 4-difSerence set e4 is symmetric if and only iJ up to relabelling, 
e4(1,2)=e,(3,4) and e4(1,3)=e,(2,4). 
Proof. Let e4 = (x, y, z) be any 4-difference set where x, y, and z are distinct nonzero 
elements of GF(p”). Multiplying e4 by - 1 we obtain - e4 = (- x, - y, -z) as shown in 
Fig. 1. In order for e4 to be symmetric, there must be a permutation 7c in S4 such that 
- e4(i,j) = e4(n(i), n(j)). It is easily seen that rt has order 2 and has no fixed point. Thus, 
71 is a product of two 2-cycles. If n = (12)(34), we have 
-e4(1,3)=e4(7c(1),7c(3))=e,(2,4) or -y=z-x, 
and 
-e4(1,4)=e,(7r(1),7r(4))=e4(2,3) or -z=y-x. 
Relabeling e4 according to the above substitutions, we obtain the 4-difference set as 
shown in Fig. 2. These 4-difference sets are the same by the permutation (243) in Sq. 
Note that z=x-y. We see that e4(1,2)=e,(3,4)=y and e4(1,3)=e4(2,4)=z. 
Similar arguments work for z = (13)(24) and 7~ = (14)(23). 
Furthermore, suppose e4 is any 4-difference set with e4(1, 2)=e,(3,4) and 
e4(1, 3)=e,(2,4). Taking x=(14)(23), we obtain -ee4(i, j)=e,(n(i), z(j)) for all i, jEP,. 
Therefore, e4 is a symmetric 4-difference set. 0 
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Lemma 2.2. A 3-deference set e3 is symmetric if and only if up to relabeling, 
e&2)=e,(2,3). 
Proof. The proof is similar to that of Lemma 2.1. 0 
Lemma 2.3. c e4ESE4<e4)3 = 2 ~4 + 3 s*& 
Proof. First we show that any symmetric 4-difference set having the form (a, 2a, 3a) 
contains two copies of the symmetric 3-difference set (a, 2a). In Fig. 3 we see that the 
symmetric 4-difference set on the left contains the symmetric 3-difference set 
e3 = (a, 2a) twice, once as the bottom face and once as the front face. Furthermore, it is 
not hard to see that any symmetric 3-difference set cannot be a face of any symmetric 
4-difference set having form other than e4 = (a, 2a, 3a). On the other hand, if e3 is 
nonsymmetric, say e3 = (a, a + b) where a and b are distinct, then e3 is contained in 
exactly three distinct symmetric 4-difference sets, (a, a + b, 2a + b), (a, b, a + b), and 
(a,a+ b, -b) as shown in Fig. 4. 
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The three tetrahedrons in Fig. 4 are distinct, since there is a no permutation of the 
vertices of one to make the edge labels match those of either of the other two 
tetrahedrons. Therefore, by taking all possible symmetric 4-difference sets we see that 
every symmetric 3-difference set occurs twice as a face, and every non-symmetric 
3-difference set occurs three times as a face. Hence, the lemma is proved. 0 
Suppose we want to find an affine 3-(v, 4,2) design. Since A = 2, k = 4, and t = 3, we 
need to find a multiset 9 over E4 such that 
We see that this equation could be obtained by making a slight adjustment in the 
equation of Lemma 2.3. In order to make this adjustment, we must count difference 
sets. The proofs of Lemmas 2.4-2.6 are elementary and straightforward and are, 
therefore, not included. 
Lemma 2.4. Let E, be the set of all n-dz@rence sets over GF(p”) where p is prime, p > 5, 
and pm = v. Then 
(1) Zf e,EsE, and e;E(e,,) then e:EsE,. 
(2) Ife,~sE, then I (e,,)l <(v- 1)/2. 
(3) Zfe,EE, and I(e,)I=(v-1)/2 then e,EsE,. 
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Lemma 2.5. Let E3 be the set of all 3-difirence sets up to relabeling over GF(p”) where 
p is prime, p 2 5, and p” = v. Then 
(1) lE~l=(v--)(v-2)/6, 
(2) IsE,I =(v- 1)/2, and 
(3) Is*_&I=(v-l)(v-5)/6. 
Lemma 2.6. Let E4 be the set of all 4-difkrence sets over GF(p”) where p is prime, p 3 5, 
and p”=v. Then 
(1) ~E4~=(v-l)(~-2)(~-3)/4!, 
(2) IsEqI=(v-l)(v-3)/8, and 
(3) Is*E41=(v-l)(v-3)(v-5)/4!. 
Definition 2.7. For all i, jE P, = { 1,2,. . . , n}, let H(e,)= {x E GF(p”) I xe, =e,,}. We 
define the mapping q: H(e,)+S, by q(x)=n, for x EH(~,,), where xe,(i, j)= 
e,h(i), dj)). 
It is not hard to see that q is an injective group homomorphism, and H(e,) is 
a subgroup of GF(p”‘)*. Therefore, H(e,) is cyclic. So we may consider H(e,) as 
a cyclic subgroup of S,. 
Lemma 2.8. If v = 1,7 (mod 12), then 
(1) (sE3) contains exactly one class (e3) with I (es) I = (v- 1)/2. This is the class 
(e3) = ((k2)). 
(2) (s*E,) consists exactly (v-7)/6 classes of(e3) with J(e3)1=v- 1 and a class of 
(e3) with l(e,)(=(v-1)/3. This is the class (e3)=((1,x+l)), where x3= 1. 
Zf v = 3,5,9,11 (mod 12), then 
(1) (sE3) contains exactly one class (e3) with I (e3) I =(v- 1)/2. This is the class 
(e3)=((1,2)). 
(2) (s*EJ) contains exactly (v-5)/6 classes of(e3) with I(e3)J=v-1. 
Proof. Let e3 =(a, b) be any 3-difference set. Let x E H(e,) with x # 1. Then there exists 
a 71, in S3 such that 
xe3(k j) = es(M), dj)). 
for all i, jE Pj. Since q~ is a group homomorphism, q(x) = 71, is either a 2-cycle or 
a 3-cycle. 
Case 1: z, is a 2-cycle: Then 7cf = 1. Now q(x’)= q(x)’ = 7~: = 1. Therefore, x2 = 1, 
and x = - 1. Note that x # 1 since 7r, has order 2. This implies that e3 is a symmetric 
3-difference set and I (e3) I =(v- 1)/2. From Lemma 2.2, we see that all the symmetric 
3-difference sets are of the form (a, 2~) where a is any element in GF(p”‘)*. Therefore, 
all are in the same class. Hence, there is only one class of symmetric 3-difference sets, 
and we may represent this class by ((1,2)). 
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Case 2: 71, is a 3-cycle: Without loss of generality, let rc, =(123). In this case 7~: = 1. 
Therefore, as in the case above, x3 = 1. Since e3 = (a, b), xe3 = (xa, x6). For all i, j E P3 
we have 
xe3(i, j) = e3 h(i), 7-b(j)) 
which implies that 
xb=xe3(1,3)=e3(2, I)= --a, or a= -xb. 
Therefore, we have 
e3=(a,b)=(-xb,b)=b(-x,1). 
Multiplying (-x, 1) by - 1, we obtain (1, x + 1). Therefore, e3 E (( 1, x + 1)). Certainly, 
(1,x+1)isnonsymmetric.Lete~=(1,x+1).Since~~=1,~(ef)~=(u-l)/3.Notethat 
the equation x3 = 1 has a solution in GF(p”) if u= 1 (mod 3). Since u= IGF(p”)I =p”, 
where p # 2 is prime, u is odd. Therefore, u E 1 (mod 3) is equivalent to v = 1,7 (mod 12). 
Hence, any class of nonsymmetric 3-difference sets (e3) which is not in ((1, x + 1)) 
would have full length, i.e., I (e3) I = v - 1. 0 
The next lemma can be proved in a similar manner. 
Lemma 2.9. If v 3 1 (mod 12), then: 
(1) (s&J consists of (v - 5)/4 classes of (e4) with 1 (e4) I = (u - 1)/2 and a class of 
(e4) with I(e,)l=(u- 1)/4. This is the class (e,**)=((l,x,x+ l)), where x2= - 1. 
(2) (s* E4) consists of(u - 1) (u - 7)/4! classes of(e4) with 1 (e4) I = u - 1 and a class 
of (e4) with 1(e4)l=(u-1)/3. This is the class (eg)=((1,x,x2)), where x3=1. 
If u = 7 (mod 12), then: 
(1) (s&) consists of(v-3)/4 classes (e4) with I(e4)j=(v- 1)/2. 
(2) (s*E,) consists of(u- l)(u-7)/4! classes of(e4) with I(e4)l=v- 1 and a class 
of(e,) with /(e4)l=(v-1)/3. This is the class (e~)=((1,x,x2)), where x3=1. 
Zfv= 5,9(mod 12), then: 
(1) (s&) consists of (u - 5)/4 classes of (e4) with I (e4) I = (v - 1)/2 and a class of 
(e4) with l(e4)l=(u-1)/4. This is the class (eX*)=((l,x,x+l)), where x2= -1. 
(2) (s* E4) consists of(u-3)(u-5)/4! classes of (e4) with I (e4)l =v- 1. 
Zf v E 3,11 (mod 12), then: 
(1) (sEq) consists of (v-3)/4 classes of(eq) with I(e4)I=(v-1)/2. 
(2) (s* E4) consists of (v - 3) (v - 5)/4! classes of (e4) with I (e4) I = v - 1. 
Lemma 2.10. Let e3 = (a, a + b) be any 3-difference set. Then (e3 ) consists of at most six 
d@erence sets having 1 as an edge label of the triangle associated with e3. They are 
e:=(l,cx+l), e:=(l,(l/a)+l), e:=(l, -~/(c~+l)+l), e”;=(l, -c(), es=(l, -l/cc), and 
eS=(l,a/(cc+l)) where cc=bu-‘. 
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Proof. To make one of the labels of the edges of e3 = (a, a + b) equal to 1, we multiply 
e3 by one of +a-‘, fb-‘, or +(u+b)-‘. Replacing ba-’ by LX, the lemma is 
proved. 0 
We represent each of the above 3-difference sets by 
4 -(o!+l), $ - --a 
crfl’ 
and , 
respectively. Following Kiihler, for each prime p and CI E GF(p”), we define the set 
(co= 
i 
4 -(cr+l),;, -(1;+l);Z_ -(Z+l)]. 
If a$ (0, 1, - 1, -2, - l/2} =S then (CI) represents an orbit of nonsymmetric 
3-difference sets under multiplication. 
Following Kiihler, we define a graph having vertex set 
and edge set 
c;,={((a>,(P>)lu+lE(B> or a-lE@) for some uE(ci)). 
Note that a class of symmetric 4-difference sets contains only two classes of 
3-difference sets. In Fig. 5 it is obvious that the first pair of 3-difference sets are in the 
same class and the second pair are in another class. Moreover, an edge labeled a of 
(1,l +a) and an edge labeled 1 +a of (1,2+u) differ by one. Note that when two 
vertices are joined by an edge, two classes of nonsymmetric 3-difference sets are 
contained in the same class of symmetric 4-difference sets. Therefore, an edge repre- 
sents a class of symmetric 4-difference sets that contains two classes of non-symmetric 
3-difference sets represented by the two end vertices. 
The proofs of the following theorems are essentially the same as the proofs of the 
corresponding versions in [9] where KGhler covered the case of a prime u. We include 
the proofs of two theorems in an effort to make this paper more self-contained. 
Theorem 2.11. If u = 5 (mod 12), then an ujine 3-(II, 4,2) design exists if the graph 
G, =((;“, C,) has a l-factor. 
a a l+a l+a 2+a 
Fig. 5. 
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Proof. By Lemma 2.3 and Theorem 1.3 it is sufficient to find a collection of orbits of 
symmetric 4-difference sets whose union of faces consists of one copy of the orbits of 
nonsymmetric 3-difference sets. But this is simply a l-factor of G,. 0 
Theorem 2.12. If u= 11 (mod 12), then an u.ne 3-(u,4,4) design exists ij the graph 
G”=(G’ G’) where .“,_” > 
5;:=G”\w)L 
has a l-factor. 
Theorem 2.13. Zf VE 7 (mod 12), then an afine 3-(u,4,4) design exists if the graph 
G,” =(G” G”) where . UI _” 3 
GG=G,\((2),(x-l),(x)} 
with x3 = 1, has a l-factor. 
Proof. In this case &,=4. It is easily checked that Ce4ESEq (eq)3 + 
((1,2,3)) =4sE3 + 3s* E3 + ((1,3)). Furthermore, from Lemma 2.8 we have 
e$ =(l, x, x”) with 1 (e$) 1 =(u-- 1)/3. From Fig. 6, we see that eX consists of four 
nonsymmetric 3-difference sets shown on the right. Using the fact that x3 = 1, we 
obtain x( 1, x2) = (1, x) and x(x, x2) = (1, x). Therefore, the first three nonsymmetric 3- 
difference sets in Fig. 6 are in the same class. Multiplying (x - 1, x2 - 1) by l/(x - l), 
we obtain (1, x + 1). We may represent this class by ((1, x + 1)). Therefore, <e$ ) 
contains two classes of nonsymmetric 3-difference sets, namely, ((1, x)) and 
((1,x+1)). From Lemma 2.7, we have ~((l,x+l))=(u-1)/3 and 1((1,x))l=u-1. 
Therefore, (eX>=((l,x))+<(l,x+l)). Thus Ce4ESEq<e4)3+t(l,2,3))3+ 
((1,x,x2))3=4~E3+3s*E3+((1,3))+((1,~))+((1,~+1)). In order to find an af- 
fine 3-(v,4,4) design it is, therefore, sufficient to find a subset B of sE4 such that 
CensB (e4>3=s*E3-((l,3))-((l,x))-_((l,x+l)>. Note that ((1,3)X <(1,x)), 
and ((1,x+1)) are represented by the vertices (2), (x-l), and (x) in G,, 
respectively. 0 
gi$q,i’\;, 
x-l 2 x-l x -x 
*fi fix-o1 
x -x x2-1 x -x 
Fig. 6. 
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Theorem 2.14. Zf VE 1 (mod 12), then an afine 3-(v, 4,2) design exists if the graph 
G,* =(G* G*). where .“? _” 3 
G,*=G,\{(x),(x-l),(x-2),(x+2)) 
and x3 = 1, has a l-factor. 
Of course, the problem of determining whether the graphs of Theorems 2.11-2.14 
have l-factors still remains. In the case of v a prime number Siemon [12] has shown 
that a l-factor exists in the case that v E 5 (mod 12) and a number theoretic condition is 
satisfied. In [13] Siemon shows that the number theoretic condition is satisfied for 
p E 53 or 77 (mod 120) and p < 500 000. It still remains to determine when this number 
theoretic condition is satisfied. 
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